In this paper,we study the Shafarevich conjecture for moduli space of polarized Calabi-Yau manifolds and obtain some results on the rigidity of families of Calabi-Yau manifolds. We use variation of Hodge structure and Higgs bundle to establish a criterion for rigidity and apply it to show some important families of Calabi-Yau manifolds are rigid,for examples: Lefschetz pencils of Calabi-Yau manifolds are rigid; strong degenerated families(not only for families of Calabi-Yau manifolds) are rigid; the families of CalabiYau manifolds admitting a degeneration with maximal unipotent monodromy must be rigid.
1. Introduction to Shafarevich Conjecture for Calabi-Yau Varieties 1.1. Shafarevich conjecture over function field. At the 1962 ICM in Stockholm, Shafarevich [34] conjectured: "There exists only a finite number of fields of algebraic functions K/k of a given genus g ≥ 1, the critical prime divisors of which belong to a given finite set S ".
One can reformulate the conjecture by geometric language: Let C be a smooth projective curve of genus g(C) over an algebraically closed field k of characteristic 0 and S ⊂ C a finite subset. C and S will be fixed. A family of curves is called isotrivial,if any two general fibers are isomorphic.
Shafarevich conjecture: Let (C, S) be fixed and q ≥ 2 an integer. A deformation of a family f : X → C with the fixed base C is a family F : X → C × T such that for some t 0 ∈ T , X ≃ X t 0 − −− → X   f   F C ≃ C × t 0 − −− → C × T We say that two families X 1 → C and X 2 → C, have the same deformation type if they can be deformed into each other,i.e.,if there exists a family X → C × T such that for some t 1 , t 2 ∈ T , (X t i → C × t i ) ≃ (X i → C) for i = 1, 2.
In order to prove that there are only finitely many non-isotrivial families,one can proceed the following way.
(a) To prove that there are only finitely many deformation types, i.e.,(Boundedness). (b) To prove that the family does not admit no-trivial deformations, i.e.,(Rigidity). If (a) and (b) are right,every deformation type contains only one family and since there are only finitely many deformation types,this proves the original statements.
A family (f : X → C) naturally corresponds to a morphism η f : C \ S → M q which can be extended to η f : C → M q , by smoothness of C. Hence parameterizing families translates to parameterizing these morphisms which can be characterized by their graphs. The graph Γ η f of such η f is a curve contained in C × M q such that the first projection maps it isomorphically onto C.Therefore the problem is translated to look for a parametrization in the Hilbert scheme of C × M q .The Hilbert scheme is an infinite union of schemes of finite type,the components corresponding to the different Hilbert polynomials represent the deformation types of the families. One could prove the parameterizing scheme is of finite type over C,i.e.,only finite Hilbert polynomials can actually occur.
In their original proofs of the conjecture,Paršin [31] and Arakelov [1] reformulate the conjecture in the following: Conjecture 1.1. Fixing (C, S),let q ≥ 2 be an integer. (B) Non-isotrivial families of curves of genus q with singular locus S are parameterized by T, a scheme of finite type(Boundedness). (R) All deformations of the non-isotrivial family is trivial,i.e., dim T = 0 (Rigidity). (H) No non-isotrivial families of curves of genus q exist if 2g(C) − 2+#S ≤ 0,i.e.,T = ∅ ⇒ 2g(C)−2+#S > 0(Hyperbolicity). (WB) For an non-isotrivial family f : X → C,deg f * ω m X/C is bounded above in term of g(C), #S, g(X gen ), m. In particular, the bound is independent of f (Weak Boundedness).
In this case each graph is isomorphic to C,the Hilbert polynomial is determined by the first term deg η a smooth projective variety with 'type' K for any b ∈ C \ S. Two such families are equivalent if they are isomorphic over C − S.
The general Shafarevich type problem is:
For which type K of varieties and data (C, S), is Sh(C, S, K) finite ? Example 1.3 ( [12] ). Faltings has dealt with the case where the fibers are Abelian varieties,and he formulates a Hodge theoretic condition for the fiber space to be rigid. This condition is always called Deligne-Faltings ( * ) condition:
A smooth family f : X 0 → C \ S of Abelian variety satisfies ( * ) if any anti-symmetric endomorphism σ of V Z = R 1 f * Z defines an endomorphism of X 0 (so σ is of type (0, 0)).
Let Q be the sympletic bilinear form on R 1 f * Z,by global Torelli theorem Q is induced by a polarization of the Abelian scheme.It was shown by Faltings that ( * )-condition is equivalent to
On the other hand,the Zariski tangent space of the moduli space of the Abelian schemes over C − S with a fixed polarization type is isomorphism to (End Q (V) ⊗ C) −1,1 , thus the rigidity. Example 1.5 ([17] ). Using techniques from harmonic maps, Jost and Yau analyzed Sh(C, E, Z) for a large class of varieties.They gave differential geometric proofs of above theorems.They provided analytic methods to solve rigidity problems, and also gave a powerful tool to analyze the Higgs bundles with sigular Hermitian metric.
The deformation of the family can be reduced to deformation of the corresponding period map. It is interesting to study in case that the period domain is Hermitian symmetric. Example 1.6 ( [9, 10, 11, 28] ). Considering those arithmetic varieties arising as moduli spaces for certain polarized Abelian varieties,Mok proved a finiteness theorem for the Mordell-Weil group (i.e., the group of holomorphic sections) of the associated universal Abelian variety.
Let Ω/Γ be a quotient of a bounded symmetric domain by a discrete properly discontinuous subgroup Γ in Aut(Ω), Mok and Eyssidieux showed that for any immersed compact complex submanifold S ֒→ Ω/Γ, assume that the tangent subspaces are generic in some algebro-geometric sense,S can be locally approximated by a unique isomorphism class of totally geodesic complex submanifolds of Ω. Example 1.7 (No rigid family [12, 39] ). Faltings has constructed examples showing that Sh(C, E, Z) is infinite for Abelian varieties of dimension ≥ 8. . Saito and Zucker extended the construction of Faltings to the setting in case of Z an algebraic polarized K3 surface. They were able to classify all cases when the set Sh(C, E, Z) infinite.
For boundedness of above examples,one may refer to [12, 29, 39 ],but they did not consider polarized families.
In case of curve fibers, we assume the condition q = g(X gen ) ≥ 2. This condition is equivalent to that the canonical line bundle of generic fiber K Xgen is ample. The role of the genus is played by the Hilbert polynomial, thus fixing g(X gen ) can be replaced by fixing h K Xgen , the Hilbert polynomial of K Xgen . So the family f : X → C should be smooth canonical polarized family over C − S.
In case of higher dimensional fiber,instead of fixing g(X gen ) it is reasonable for us to think about the polarized projective variety (X, L) such that L is ample line bundle on X and χ(X, L ν ) is a fixed Hilbert polynomial h(ν). By Matsusaka Big theorem, L can be regard as very ample and N = h(1) − 1 is independent on (X, L) so that there is an embedding j(X) : X ֒→ P N .
Let C be a fixed nonsingular projective curve and S be the set of fixed finite points of C, let f : X → C be a family satisfying the following condition. Over
is the fixed Hilbert polynomial for any b ∈ C \ S.
With the polarization condition, we define Sh(C, S, K) to be the set of all equivalent classes of non-isotrivial family {f : X → C} as above such that X b is a smooth projective variety with 'type' K for any b ∈ C \ S. Two such families are equivalent if they are isomorphic over C − S as polarized families.
One can formulate the problems into: Conjecture 1.8 (Higher dimension Shafarevich conjecture ). Fixing (C, S) and the Hilbert polynomial h(ν).
(B) The elements of Sh(C, S, K) are parameterized by T,a scheme of finite type over C.
Theorem 1.9 (Existence of Coarse Moduli by Viehweg [42] ). Given a polynomial h of degree n such that h(Z) ⊂ Z,there exists a quasiprojective scheme M h of finite type C for the set { (X, L); X a complex projective manifold,canonical line bundle ω X semi-ample,L ample invertible sheaf on X and χ(X, L ν ) = h(ν) for all ν }/∼ 
These results together with so called Arakelov-Yau inequality [20] [47] guarantee that Corollary 1.11 (Viehweg-Zuo) . Boundedness of Shafarevich conjecture holds for the family of polarized of Calabi-Yau manifolds.
L is semi-ample if for some µ > 0 the sheaf L µ is generated by global sections.
2 When we replace the numerically equivalence "≡ "with "∼",the theorem is also true. Here "≡" means that there is a addendum condition : L| f −1 (y) and τ * L ′ | f −1 (y) are numerically equivalent for all y ∈ Y .
In case of higher dimensional fibers, one also have the weak boundedness conjecture: (WB) For a family (f : X → C) ∈ Sh(C, S, K), deg f * ω m X/C is bounded above in term of g(C), #S, h, m.In particular, the bound is independent of f . (WB) ⇒ (H) is still true for the canonically polarized families.But it is an enigma whether (WB) implies (B) in higher dimensional fibers case.
Example 1.12. (Recent results) (M-K-Z) Migliorni,Kovác and Zhang Qi proved that any family of minimal algebraic surfaces of general type over a curve of genus g and m singular points such that 2g(C)−2+#S ≤ 0 is isotrivial. See [23] , [27] , [50] and [2] . Oguiso and Viehweg [30] proved the same results for families of elliptic surfaces. (B-V) Bedulev and Viehweg [2] have proved the boundedness for families of algebraic surfaces of general type over a fixed algebraic curve, the weak boundedness for family of canonically polarized varieties. (L-T-Y-Z) In their preprint [26] , Liu,K.,Todorov,A.,Yau,S.T.,Zuo,K. give an simple and readable proof of the boundedness. They originally use Schwarz-Yau lemma and Bishop compactness to obtain boundedness and use Yukawa coupling to deal with rigidity.
We have more interest in Shafarevich conjecture for families of CY manifolds.The related problems are meaningful not only for pure mathematics but also for math-physics. The intrinsic reason for the conjecture could be true is that the moduli space of polarized Calabi-Yau manifolds is hyperbolic (there is Weil-Petersson metric on Kuranishi space and the curvature is negative almost everywhere). More precisely, Example 1.13. Viehweg and Zuo recently have obtained very important results [43, 44, 45] : Brody hyperbolicity was proved for the moduli space of canonically polarized complex manifolds. They proved the boundedness for Sh(C,E,Z) for arbitrary Z, with ω Z semi-ample and established that the automorphism group of moduli stacks of polarized manifolds is finite. The rigidity property for the generic family of polarized manifolds has been proved too.
Remark: A complex analytic space N is called Brody hyperbolic if every holomorphic map C → N is constant. Certainly,we have an algebraic version:algebraic hyperbolic.The essential fact is that if the moduli space is algebraic hyperbolic,then (H) in Shafarevich conjecture will be true. It is the motivation to study the Brody hyperbolic.
1.3. Rigid families of Calabi-Yau manifolds. In this paper,we study the rigidity of the family of Calabi-Yau manifolds. Here CalabiYau manifold is defined by a compact Riemannian manifold with global holonomy group SU(n), n ≥ 3 so that it is a projective variety with complex dimension n.
The motivation of ours to do study is that though the rigid property for the generic family of polarized manifolds has been proved by Viehweg and Zuo,the conjecture will fail for general condition by the following key observation: Example 1.14 ( [48] ). Recently,Viehweg and Zuo has constructed a nontrivial family of Calabi-Yau manifolds on which there are dense fibers with type of complex multiplication. Precisely,they obtain g : Z → S a family of quintic hypersurfaces in CP 4 such that S is a finite dominant morphism over a ball quotient(this ball quotient is a Shimura variety) and has dense CM points. Furthermore,as a byproduct,they construct some important counterexamples and show a principle that there always exist a product of the moduli space of hypersurfaces of degree d in P n embedded into the moduli space of hypersurfaces of degree d in P N where N > n.
So the first key step for Shafarevich conjecture is to find some good additive conditions.Let us start by showing some examples of rigid family of Calabi-Yau manifolds.
Let f : X → B be a polarized family of Calabi-Yau threefolds,then R 3 f * (Q) is a polarized VHS.Let φ : B → D/Γ the corresponding period map, then It have been shown that for these four type threefolds, one can choose discrete symmetry group G such that X ∨ = X/G be a smooth resolution of the quotient X/G which is still a CY threefold with
where the action of g i on X I is defined by We study the rigidity of the families of polarized Calabi-Yau manifolds, the followings are main results and methods:
(I) We prove that Lefschetz pencils of Calabi-Yau varieties of odd dimension are rigid when Lefschetz pencils of even dimensional Calabi-Yau varieties are trivial. The proof depends on the special properties of Lefschetz pencils. As Deligne showed in his proof of Weil conjecture (I),the VHS of Lefschetz pencils can be decomposed into two sub VHSs: One is invariant space and the another is vanishing cycles space which is absolute irreducible under the action of fundamental group π 1 (P 1 \S) where S is the set of singular values(It is essential the KazdanMagulis theorem).
According to this observation, we show that for arbitrary given nontrivial pencil of CY manifolds,the vanishing cycles space is not empty and the pieces of (n, 0)-type and (0, n)-type of the VHS are both in the vanishing cycles space. But on the other hand,assuming the family is not rigid,one can obtain a flat non zero (−1, 1) type endomorphism σ of the VHS. It makes the local system splitting such that (n, 0) and (0, n) are in different factors by local Torelli theorem. Therefore,it is a contradiction. Actually,we can generalize the result to some families with big monodromy. (II) We obtain a general result on so called strong degenerate families(not only for families of Calabi-Yau manifolds) which certainly are of "general" type. We call a family over any closed Riemann surface is strong degenerate if it has a singular fiber such that every component is dominated by projective space P n . We show this family must be rigid. We use the similar trick in (I) to get a nonzero endomorphism σ.By the properties of Higgs bundles,we identify this σ to be a monodromy-invariant section of the VHS of the self-product family by Kunneth formula. Finally, using the properties of the strong degenerate singular fiber, we show the endomorphism σ is zero so that the family must be rigid.As a corollary,he obtains a weak Arakelov theorem of high dimensional version. (III) With the recent works of Viehweg-Zuo and Liu-Todorov-YauZuo, we give another proof of a criterion of rigidity by using the technique of Higgs bundles: A Calabi-Yau family with nonzero Yukawa coupling should be rigid.
As an application of this criterion,with the arguments of Schmid and Simpson on the residues of holomorphic vector bundles over singularizes,we show that the families of CalabiYau varieties admitting a degeneration with maximal unipotent monodromy must be rigid. However,the third result is implied in a manuscript of Kang Zuo [54] and the paper of Liu-Todorov-Yau-Zuo [26] . 
It is known that the equation 2.0.1 means
H ) is a holomorphic vector bundle with metric connection D H with respect to the holomorphic structure D 0,1
H , θ) is a Higgs bundle. Moreover, ρ is U(n) representation iff E is induced by flat connection ∇ (i.e., ϑ = 0 ).
Conversely, if (E, ∂, θ) is a Higgs bundle with respect to the complex structure ∂ on M. Let H be a metric E,denote D H = ∂ + ∂ be the metric connection of H with respect to the holomorphic structure
The metric H is harmonic if and only if ∇ is flat (in this case that all c i (E) = 0, H is Hermitian-Yang-Mill metric),thus one obtains (E, ∇, H) as a harmonic bundle.
These two conditions are equivalent.
As in construction, θ ∧ θ = 0 and we know D H is metric connection w.r.t ∂ E ,then
Similarly we obtain the equality ∂ E (θ * H ) = 0. Details of above arguments can be seen in a paper of Jost-Yau [17] .
section 2 main estimate,theorem 1) combined with the result of Jost-Zuo in theorem on existence of harmonic bundle and infinity curvature estimates ( [18] , [19] )and a theorem of Cornalba and Griffiths [3] on extension of analytic sheaves, we get the following [18] and [19] , let (E, θ) be the Higgs bundle induced by h.
Lemma 2.2 (p.55 of [51]). Let h be fundamental representation equivariant harmonic map which satisfies the conditions in theorem of
Then E extends to a coherent sheaf E 3 on M and θ extends to
We say the harmonic bundle (V, H, ∇) is tame if the eigenvalues of the corresponding Higgs map θ of Higgs bundle (E, θ) have poles of order at most one at the infinity normal crossing devisor D ∞ .Actually,it agrees with that the metric H has at most polynomial growth property 3 The extension of (E, θ) is clearly not unique.The basic concept needed to treat this nonuniqueness is that of filtered extensions introduced by Metha and Seshadri for unitary representations and by Simpson for reductive representations of π 1 of punctured algebraic curves. By the Harmonic metric H on (E, θ),we can define a collection extension across the divisor D α ,where E α is a sheaf of local sections e of E on punctured neighborhood of D ∞ satisfying the growth conditions
These extensions form a decreasing left continuous filtered Higgs sheaf.By the construction one sees that (E, θ) α with (
Thus, we only need to consider 0 ≤ α < 1. It is not difficult to show that (E| C ) α = E α | C , so the restriction (E, θ) α | C is filtered regular Higgs bundle over C.
at the infinity.And the tameness of an algebraic Higgs bundle (E, ∂, θ) is equivalent to (V, ∇) has regular singularity.
The most important fact is that if (V, ∇, H) is a polarized VHS,then (V, ∇, H) has the property of polynomial growth directly near D ∞ by Schmid's nilpotent orbit theorem ( [33] ), thus it is a tamed harmonic bundle so that it has the canonical extension and becomes an algebraic vector bundle.
If M is punctured curve, a part of Simpson theorem [36] says a filtered Higgs bundle {(E, θ) α } comes from a ploy-stable local system is also ploy-stable.This result can be extend to higher dimensional base manifolds.
Proposition 2.3. Any tamed harmonic bundle is a direct sum of irreducible ones.
Sketch of proof: For the higher dimensional algebraic variety M,we take a generic punctured curve C ⊂ M which is a complete intersection of very ample divisors and intersects D ∞ transversally.The restriction h| C is also tamed harmonic(Actually this is pluriharmonic bundle,i.e., the restricted bundle to any subvariety is harmonic too),and by Lefschetz theorem, π 1 (C) → π 1 (M) is surjective.Using Simpson theorem on noncompact curve case,we get above corollary.
If we defined the parabolic degree of (E, θ) α by just taking the degree of the restriction (E, θ) α | C ,we also can define the stability of the system (E, θ) α .Thus we can extend Simpson 's theorem to the higher dimensional base manifold. 
Stability of Higgs bundle.
As an application, we get the following:
Theorem 2.5. Assume the Higgs bundle (E, ∂, θ) comes from tamed harmonic bundle (V, H, ∇). Let e be a holomorphic section of (E, ∂),then θ(e) = 0 if and only if e is a flat section of (V, ∇).
Proof. The nonzero holomorphic section e of (E, ∂) corresponds to the nonzero sheaf morphism O M → O(E). Let F be the saturation sheaf generated by e,thus
is a Higgs subsheaf.
Step 1 
where H is the Hermitian metric on E and the H F is the restricted metric to
(Thus,we prove the semistablity ) It is obvious that par.deg(F ) = 0 ⇔ A = 0 and θ * H | F = 0. It shows that the splitting E = F ⊕F ⊥ is holomorphic, and actually we get a splitting of Higgs bundle
all component are polystable. The corresponding tamed harmonic bundle U of (F, 0) is a unitary line bundle, so e is flat.
Step 2: M is higher dimension quasi-projective,we take a generic punctured curve C ⊂ M which is a complete intersection of very ample divisors and intersects D ∞ transversally.The restriction H| C is also tamed harmonic,as in Step 1, over C we have a Higgs splitting (E, θ) = (E 1 , θ) ⊕ (F, 0) corresponding to the local system splitting V = W ⊕ U where U is unitary part.By Lefschetz theorem, π 1 (C) → π 1 (M) is surjective.Therefore over M, we still have splitting of the harmonic bundle V = W ⊕ U and U is unitary part. e is section of U,so is flat.
The converse part of this theorem can be proved by similar method.
Remarks 2.6. When the local monodromies are unipotent, we can use the argument of Kollár on Chern form of singular Hermitian metric ( [22] )to prove the step 2 which is similar to step 1.
It should be pointed out that from view of differential geometry,the result will follow from the non-positivity of curvatures in the horizontal directions of the period domain together with the Bochner type formula ( [33, section 7 ] ) and curvature estimate at infinity by JostZuo ([18, 19] ). This generalized the compact case which is shown by Simpson([37, the proof of lemma 1.2 in page [19] [20] ).
The Geometry of Lefschetz Pencils of Calabi-Yau Varieties

Construction of the Lefschetz pencils.
Definition 3.1 ( Lefschetz pencil [7] ). Consider a smooth projec-
∈ S,H s intersects X transversally,and hence the variety X s = X ∩ H s is non-singular. (c) For s j ∈ S the variety X s has only one ordinary double singularity (simple ) x j ∈ Y ∩ X s j . Such a family {X s } s∈P 1 will be called Lefschetz pencil.
Construction 3.2. Algorithm :
Step 1 : Let the Z ⊂ X × (P N ) * consisting of pairs (x, H),where x ∈ X,H ⊂ P N is a hyperplane tangent to X at x,i.e.,
Hence,Z is a smooth projective variety of dimension N − 1. Consider the incidence correspondences :
The image X * = pr 2 (Z) will be called the dual variety to X which is a closed subvariety of (P N ) * and in general is singular variety. Obviously from dimension counting theorem, the dimension of X * is no more than N − 1 .
Step 2: It is sufficient to consider the case of dim X * = N − 1.Let X * * be the subset of X * consisting of those hyperplanes H ⊂ P N for which the variety X ∩H has either more than one simple singularity or a non-simple singular. As above Step 1, X * * is closed and has dimension at most N − 2. Hence, the generic line P 1 ⊂ (P N ) * intersects X * transversally and dose not intersects X * * . Thus the conditions (b),(c) are satisfied. Moreover, the projection
,then H ∩ X has a simple singularity at x.
Step 3:
H s then, following from Bertini's theorem,condition (a) is evidently satisfied for generic P 1 .Thus, one gets the Lefschetz pencil. Associate to each x ∈ X, x / ∈ L an element s ∈ P 1 corresponding to the unique hyperplane passing through x and L. So one gets a rational map
The set of undefined points of this mapping is just Y = X ∩ L,the smooth subvariety of X.Let X be the projective variety obtained from X by a blow up centered at Y , i.e Let I Y is ideal sheaf of Y ,then
X is a smooth variety and there is a commutative diagram
where f is a projective morphism. Moreover,f : X \ f −1 (S) → P 1 \ S is a family of polarized algebraic manifolds.Every fiber f −1 (s) is isomorphism to X s = X∩H s ,and the singular fibers are exact f −1 (s j ), ∀s j ∈ S such that x j ∈ f −1 (s j ) are the only ordinary double points of f .
Step 4: Here are properties of representation of fundamental group of Lefschetz pencil: Choose a point s 0 ∈ P 1 \ S,the fundamental group representation can factor as
where ι : P 1 \S ֒→ (P n ) * \X * is the inclusion map.By the weak Lefschetz theorem ι * :
The Zariski closure of the image of the representation is called the monodromy group.Thus the induced two monodromy groups coincide with each other.
Every Lefschetz pencil is flat families,moreover by III.Theorem 9.7 in [16] ,f is a proper morphism and has a section 4 . 
,and
,there is a Veronese embedding
,as the construction in (3.2),one actually gets the family
which is a Lefschetz pencil of n-dimensional Calabi-Yau manifolds.
Question 3.4. In case of Calabi-Yau threefold. When the Lefschetz pencil has singular fibres? How many singular fibres in this pencil? Let F, H be smooth degree 5 homogenous polynomials with H is not in the Jacobian ideal of F . How many singular fibres of this special pencil t 0 F + t 1 H for the parameter [t 0 , t 1 ] ∈ P 1 ? Is this family rigid?
However, we have Proof. It is sufficient to show the restricting family f : X → C\{0} can not be smooth.In this case, the fundament group π 1 (C\{0}) is generated by the local loop,the Picard-Lefschetz operator T is quasiunipotent according to Landman's Theorem.One can replacing C \ {0} by an unramified covering:
such that the pull back family has unipotent monodromy operator.But according to Deligne's complete reducible theorem, the global monodromy is semi-simple,so is trivial. Thus this family is the local constant in complex topology. These statements are particular cases of the general result: With Y projective and trivial canonical line bundle of fibers,that the family (f : X → Y ) is of non-isotrivial implies deg(f * ω X /Y ) > 0. Furthermore,if X be a complex projective manifold of non-negative Kodaira dimension,then a surjective morphism f : X → P 1 has at least 3 singular fibres [43] .
3.2. Vanishing cycles space of Lefschetz pencil and monodromy group. Let f : X → P 1 be Lefschetz pencil degenerating at S = {s 1 , · · · , s k } and let ∆ i be a set of disjoint disks each centered on the points s i .Let ∆ * i = ∆ i \ {s i } and s 0 ∈ P 1 \ S be a fixed point.Now we can choose loops 5 {γ i } k 1 in π 1 (P 1 \ S; s 0 ) such that each γ i is a simple loop around s i passing through s 0 and does not intersect others 5 We can get these loops in this way: Let s except at s 0 . Obviously, π 1 (P 1 \ S; s 0 ) is generated by all the elements of {γ i } k 1 . For convenience, we simply let the family be (f : X → ∆), x ∈ f −1 (0) is the only simple singularity of the mapping f . With suitable holomorphic local coordinates z = (z 0 , · · · , z n ) on X in a neighborhood of the point x = (0, · · · , 0), the mapping f be of non-degenerate quadratic from :
where n is the complex dimension of the fiber.Let B ǫ (x) the small ball in X centered at x,for s ∈ ∆ sufficient closed to 0,the manifold V s = B s ∩ X s will have the homotopy type of a real 2n-dimensional sphere so that H n c (V s , Z) ≃ Z and there is a natural inclusion
The image δ = ι(1) will be called vanishing cycle which is determined up to multiplication by −1.
Back to the global case,restricting f to the disk ∆ i we get a vanishing cycle
generated by all δ i is called the space of vanishing cycles.
be the Picard-Lefschetz transformation generated by γ i ,we have the following formula [15] (3.7.1)
where υ ∈ H n (X s 0 , Q) and (, ) is the nondegenerate intersection form on
As we already know,as a polarized family this intersection form is flat,i.e., preserved by monodromy transform.
Again consider the local Lefschetz pencil f : X → ∆ over a small disk ∆,the corresponding the local monodromy transform
Thus Landman theorem holds for Lefschetz pencil naturally.
As an application for this formula, we have Proof. We know as in 3.7 there are at least three singular fibers of this family.Anyway by the properties of monodromry group of Lefschetz pencil,we have the following well-known lemma.
Lemma 3.9 (Lefschetz in the classical case [7, ?] Assume V = 0, by the Picard-Lefschetz transform formula
thus the VHS R n f * Q can be extended to a VHS on P 1 . Because P 1 is simply connected, we get a constant Torelli map.It is a contradiction to the infinitesimal Torelli theorem of Calabi-Yau manifolds.
Because over P 1 \S the monodromy group is generated by all PicardLefschetz transforms,so from the Picard-Lefschetz formula one gets 3.3. Invariant subspace of cohomology group. Let f : X → M be a proper smooth morphism of complex irreducible projective manifolds. Pick a base point t 0 ∈ M and a fiber f −1 (t 0 ) = X t 0 = X.As a mapping of C ∞ manifolds, the morphism f is locally trivial fibration with fibers diffeomorphic to X.Therefore,π 1 (M, t 0 ) acts on the H n (X, Q).In particular, for each fiber there is a π 1 -invariant subspace
In fact,these invariant subspaces can be glued together into a constant sheaf I n on M and coincides the constant sheaf on M with the fiber H 0 (M, R n f * Q) which is a subsheaf of R n f * Q generated by the global sections of R n f * Q,i.e.,
For each point t ∈ M,there is a natural isomorphism of Q vector space
Theorem 3.11 (Deligne [6] ). Let f : X → M be a family such that f is proper smooth morphism of complex irreducible algebraic manifolds, i : X ֒→ X is a smooth Haronaka compactification.
(1) Leray's spectral sequence for f
degenerates at E 2 .
(2) the composition of morphisms
defines a maximal subvariation of Hodge structure of which is a local constant sheaf and is contained in R n f * Q.Futhermore,this sub-VHS is a constant VHS.
We know that every Hodge (p, q) component of a global section ω of a VHS R n f * Q (i.e., ω ∈ H 0 (M, R n f * C)) is invariant under π 1 (M),so ω p,q again a global section.Thus,one gets a corollary : if a global section ω of (R n f * C) π 1 (M ) is of (p, q) type at one point t 0 ∈ M(as an element in H n (X t 0 , C)),then it has type (p, q) everywhere.
Corollary 3.12. Assume V the space of vanishing circle of Lefschetz pencil f :
Proof. In this case,the monodromy group is generated by PicardLefschetz transforms,and every vanishing cycle is not zero,the statement is easy from the Picard-Lefschetz formula
There are some important properties of Lefschetz pencil which are contained in Deligne's proof of Weil conjecture I [7] . Theorem 3.13. Let f : X → P 1 be Lefschetz pencil such that the dimension of fiber is n and the space of vanishing cycles V is nonzero,s 0 ∈ P 1 \ S a fixed point and X = f −1 (s 0 ). Let I = R n f * Q) π 1 (P 1 \S) the local system,as we show before V is stable under π 1 (P 1 \ S),denote V is the corresponding local system over Q.Let H be the weight n VHS corresponding the family over P 1 \ S,then we have ,s 0 ) and (, ) is non-degenerate, so (1) is true. For (2), let H Q be the Q-local system of the VHS H,As we already shown V,I are both defined Q, it follows from (1) that H Q = V ⊕ I because (, ) is flat and defined over Q. I defines a sub-VHS of H as in 3.11,so V also defines a sub-VHS of H.Certainly, the restrictions of (, ) to these two sub-VHSs are both non-degenerate.
Let 0 = x ∈ W ⊂ V ,then there exists a δ i such that (x, δ i ) = 0 by (1) and non-degeneration of (, ). If W is stable under monodromy, by the lemma 3.9 we can show that for all δ j there exists a x i ∈ W such that (x i , δ i ) = 0. Hence δ i ∈ W by the Picard-Lefschetz formula. W contains all vanishing cycles and coincides with V . This argument is also true for V C = C{δ 1 , · · · , δ k },thus V is an absolutely irreducible
Remarks 3.14. (A) Deligne's complete irreducible theorem can be reduced to (1) by some formal arguments(refer to [6] ).Actually,one can obtain a decomposition
Restricting the Hodge filtration of R n f * Q to V i Q will induce a Hodge filtration on V i Q ,so it is a decomposition of VHS. However,it is in general not compatible with polarizations(the non-degenerate inner product ( , )).
(B) When n is odd,the inner product (, ) is anti-symmetry. Thus,With the properties of sympletic group, Picard-Lefschetz formula and simpleness of the π 1 -module V C (shown in 3.13),we have 6 Comments: We have used the statement (, ) non-degenerate many times. It should be pointed out that the non-degeneration of inner product (, ) is essential the Hard Lefschetz Theorem on Kähler manifold X n : Let ω be Kähler form, then
The version for family of polarized manifolds is
Kazhdan-Margulis Theorem [7] : The image 
M ) . If the differential of Torreli map of this family is injective at some points, then
Proof. Let X = f −1 (t 0 ) a Calabi-Yau manifold such that the differential of Torreli map is injective at t 0 ,i.e Let φ : (X, X) → (S, 0) be the Kuranishi family of X and H C be the Higgs bundle correspond to VHS defined by R n φ * Q. T a small neighborhood of t 0 ∈ M,then we have the commutative diagram (T, t 0 )
such that (dλ T ) t 0 is injective. Because it is well known (dλ) 0 is injective,(dπ) t 0 is injective. Furthermore,the first piece (dλ 0 T ) t 0 is injective. We can contract the neighborhood T of t 0 so that λ 0 T over T is an embedding map.
It is sufficient to prove the
Let X be the smooth Haronaka compactification of X,as in the proof theorem 3.11[cf. [6] ],we have the composite map for every t ∈ M.
t is morphism of Hodge structure of type (0, 0). If the statement of claim is not true,then h n,0 (H n (X t 0 , C) π 1 (M,t 0 ) ) = h n,0 (X t 0 ). Thus by the argument below 3.11, h n,0 (H n (X t , C) π 1 (M,t) ) = h n,0 (X t ) for all t ∈ M. Now, i * t is surjective,it follows that all (n, 0) type holomorphic forms of H n (X t , C) come from (n, 0) forms of H n (X, C) which are invariant under π 1 (M, t). Obviously,it contradicts the fact that λ 0 T is an embedding over T .
The proof of this theorem implies: The proof of the corollary is simple : if c 1 (R 0 f * (ω n X/M )) is zero,then the period map of polarized VHS will degenerate. Here we give a proof of type of differential geometry by using the metric properties of moduli space of Calabi-Yau manifolds.
Proof. Let π : X → M be a maximal subfamily of the Kuranishi family of Calabi-Yau manifolds with a fixed polarization [ω] ,by the BTT theorem,the Kuranishi space of X t is unobstructed and the Kodaira-Spencer map
is injective everywhere along M.Thus, we have the commutative diagram,
By base change formula,
Due to the works of Todorov and Tian, one has the Weil-Petersson metric on M and the formula (cf. [40] , [41] )
Here H is the Hodge metric on the polarized VHS R n prim f * (C). Thus
A polarized VHS over M is isotrivial if it becomes a constant VHS after a finite etale base change. It is known that a polarized VHS is isotrivial if and only if the Hodge filtration is local constant(cf. [6] ). Furthermore,whether in case of even or odd, the pieces (R n f * (C))
and (R n f * (C)) 0,n both are in (R n f * (C))
Proof. In this case,any Picard-Lefschetz transforms are of finite order (i.e.,T 2 = 1) and because P 1 is simply-connected, any two T i , T j are commutative, thus the global monodromy group Γ is a finite group, precisely Γ ∼ = ( k 1 Z 2 , +) for k = #S. This VHS has to be local constant(cf. Theorem 9.8 in [14] ).
As (R n f * (C)) n,0 ⊂ R n prim f * (C),it is locally constant too. In particular,
which is contrary to (δ j , δ j ) = 0.Thus for all i,(η, δ i ) = 0 and η ∈ H n (X s 0 , C) π 1 (P 1 \S,s 0 ) .
Corollary 3.19. So for the Lefschetz pencil of Calabi-Yau manifolds such that the Torelli map is not degenerate at some points,we can show that the image of the global fundamental representation
is infinite.
At all,as an important application of theorems 3.13,3.15 and lemma 3.18, we obtain the key result in our proof of the rigidity of Lefschetz pencil of Calabi-Yau manifolds. 
If the differential of Torreli map of this family is injective at some points(for example, non isotrivial families ),then n must be odd.
The local system of vanishing cycles space V Q will be in
Actually from the Lefschetz decomposition
with the polarization L,we have the decomposition
Rigid Criterion for Families of Calabi-Yau Manifolds
4.1. Endomorphism of Higgs bundles over the product varieties. Let V be an arbitrary polarized R-VHS over S 0 × T 0 such that local monodromies around the divisor at infinity are quasi unipotent.(it shown by Landman,Katz and Borel that it is true for polarized Z-VHS). Extending the associated Higgs bundle E to the infinity and one gets the quasi canonical extension Higgs bundle :
One can obtain a meaningful endomorphism on V| St ,(cf. Jost-Yau's theorem in [17] and another proof of Zuo in [52] )
Consider the two projections p S : S × T → S and p T : S × T → T , One has then
, and the Higgs map
, is really the sheaf map of the differential of the extended period map.
The restriction of the Higgs map to S t , is
where l is dimension of T ,let 1 T ∈ p * T Θ T (− log D T )| St be any constant section, then one obtains an endomorphism
As σ is coming from Higgs filed, it must be of (−1, 1) type and over C.Moreover σ is a morphism of Higgs sheaf,i.e the diagram
Actually,it is shown by Zuo [52] that the image of the map 4.0.2 is contained in the kernel of the induced Higgs map on End(E)(We will give the proof soon 4.1). Therefore, the image is a Higgs subsheaf with the trivial Higgs field. The Higgs poly-stability of End(E)| St implies any section in this subsheaf is flat. One sees also this flat section is of Hodge type (−1, 1). We will describe these results explicitly .
Similar as compact case,if M is quasi-projective,we still have the argument of Lemma 2.11 in [37] .
Precisely,when E carries R-structure,then the dual Higgs bundle is
where
For example,given a weight n R-VHS V R , we always have a non degenerate pairing V R × V R → R(−n),then we get (V R ) ∨ = V R (n),a VHS by shifted (−n, −n).
Thus we get the Higgs bundle 
Proof. It is well known that θ| S 0 ×T 0 = dφ, where
a period map. Fixing the t ∈ T 0 ,and varying s ∈ S 0 ,then
where Image(θ) is the image sheaf of the sheaf morphism θ. Thus θ end s,t (σ s,t ) = 0 for all (s, t) ∈ S 0 t ,therefore as in 4.1
we obtain that σ is a flat (−1, 1)-type section of (End(V )| S 0 t , ∇)(theorem 2.5)which is induced from harmonic bundle (V, ∇).
As σ is flat, the second statement is obvious.
Infinitesimal rigid criterion.
In the following sections we only study the manifolds which hold the infinitesimal Torelli theorem.
The following is a natural condition for one smooth family f : X → M of n − dim projective manifolds with infinitesimal Torelli theorem:
( * * ) The differential of the period map for R n prim f * (C) is injective at some points of M. The condition implies that dim Image(η) = dim M where η is the induced modular map from M to M,i.e the family is not trivial. When a family is non-isotrivial, it has to satisfy the condition ( * * ) by infinitesimal Torelli theorem.
We say a family f is rigid,if there exists no non-trivial deformation over a non-singular quasi-projective curve T 0 . A deformation of f over T 0 (with 0 ∈ T 0 a base point) is a smooth projective morphism g :
for which there exists a commutative diagram
In the complex category,if we replace quasi-projective curve with complex curve, we will have the definitions of infinitesimal deformation and infinitesimal rigid.
Certainly an algebraic family is infinitesimal rigid will imply that it is rigid in algebraic category. Actually, we will obtain strongly results on infinitesimal rigidity,but we still write "rigid" for convenience. Readers can tell part it easily.
Here is a small observation: Let f : X → M be a smooth polarized family of n dimensional projective manifolds. Following the infinitesimal Torelli theorem, if the deformation g of f is non-trivial,then the period map of the extended family g is not degenerate along T 0 -direction for some points of M × {0}. At all, we obtain a criterion for rigidity from the previous subsection 4.1. Remarks 4.4. Faltings,Saito-Zucker,Peter,Jost-Yau,Zuo has already obtained the similar criterion. Certainly,by our method it is not difficult to generalize this result to nonrigid polarized VHS .
Notably the non-positivity of curvatures in the horizontal directions of period domain will underly the validity of this criterion of the rigidity.Here we would like to explain the role played by the differential geometry of period domains:
In the simplest case,let f t : X t → M be one parameter nontrivial holomorphic families of smooth polarized families of Calabi-Yau manifolds satisfying the natural condition ( * * ),thus there are induces period maps g t from same M into same quotient of a period domain.The infinitesimal deformation of g t then give rise to a holomorphic section of some Hermitian holomorphic vector bundle of non-positive curvature in the sense of Griffiths.Such a holomorphic section must be parallel by the Bochner type formula ( [33] ,section 7) and curvature estimate at infinity [18, 19] . It was also the original ideal of Jost-Yau to deal with rigid problems [17] .
However,it should be pointed out that the (−1, 1)-type of the section is a key to prove the rigidity in this paper and the type of section can not be deduced just from the differential geometry of vector bundle.It is successful for the author to use Higgs structure of variation of Hodge structure.
Let f : X → M be a smooth polarized family of n dimensional Calabi-Yau manifolds such that the differential of period map
is injective at 0 ∈ M and (X, L) = f −1 (0).Denote (E, θ) be the Higgs bundle associated to R n prim f * (Q). Let π : X → M c 1 (L) be a maximal subfamily of the Kuranishi family of π −1 (0) = X with a fixed polarization L,the Kodaira-Spencer map
is everywhere along M c 1 (L) . Suppose Φ is the period mapping for π over M c 1 (L) .Let U be a neighborhood (complex topology) of 0 in M,thus locally the diagram is commutative(we can contract U so that Γ = {1}).
(U, 0)
π is local embedding near 0. The horizonal tangent space T h D,0 is in
and dφ
where θ is Higgs field and
For Calabi-Yau manifolds, the first piece of the differential of dΦ is always injective along M c 1 (L) ,i.e.,
Corollary 4.5 (Infinitesimal Torelli theorem). The differential of period map of the family f of Calabi-Yau is injective at some points if and only if the first piece of Higgs map
is injective at these points.
If f is not rigid,then there exist a non-trivial deformation g over M × T such that g is not degenerate along the orientation of T at some points {s 0 , · · · .s k } of (M, 0).
Let σ be the nonzero flat (−1, 1)-type endomorphism of E as in Corollary 4.2.As σ is really from the period map over M × T 0 along T 0 -direction,by similar reasons as above, at points {(s 0 , · · · .s k )},σ is not degenerate,i.e., σ n,0 :
is injective. The rank of each E n,0 , E 0,n is 1.
Corollary 4.6. Because T is algebraic curve and σ is flat on M,then σ is not degenerate at all points of M,i.e.,
is always injective on M,so by duality
is always surjective on M. Furthermore,because of σ(E n,0 ) = 0,on M we have σ n+1 ≡ 0.
Rigidity of Lefeschetz Pencils of Calabi-Yau Varieties
Theorem 5.1. Let f : X → P 1 be a Lefschetz pencil of Calabi-Yau n-folds satisfying condition ( * * ), then this family must be rigid.
Proof. As we have shown that n must be odd and there is a decomposition of the Q-VHS
with (n, 0) and (0, n) pieces are in V C . Let C 0 = P 1 \ S.Assume the statement is not true, we have the nontrivial extension family
where T 0 is a smooth quasi-projective curve. The local system R n prim f * (C) defines a polarized VHS so that we have a associated Higgs bundle (E, θ) .
Lemma 5.2. There is a splitting of the Higgs bundle
for the flat (−1, 1)-type non zero endomorphism σ : E → E. The statement is also true when C 0 is replaced by M a higher dimensional quasi-projective variety.
proof of the lemma 5.2. First, the non-degenerate polarized Q and σ are flat and defined over C. Thus,it is not difficult to obtain the splitting of the local system over C
Restricting the Hodge filtration of VHS to these sub local system and taking the grading of the Hodge filtration,one obtains a decomposition of the Higgs bundles.Exactly, we obtain a splitting of CVHS(complex variation of Hodge structure,see [36] ). It is special case of the generalized DSUY correspondence 2.4.
Back to the proof of the theorem: E 0,n ∈ Ker(σ) is always true along M,but as non-triviality of the deformation of the family,at one point
Ker(σ) and E 0,n ⊂ Ker(σ).
As for Lefschetz pencil,we have already shown that the fundamental representation into space of the vanishing cycles
is irreducible and E n,0 and E 0,n are all in V C (3. 13,3.20) . It is a contradiction 7 .
Remark 5.3. In the paper [52] ,Zuo points that the existence of a (−1, 1)-type endomorphism on R k prim f * (C) implies that this VHS splits over C of some special types. The theorem is certainly a geometric consequence to this property.
Definition 5.4. Let V be a local system of Q-vector space on a quasi-projective manifold T with monodromy representation
mon is denoted by the Zariski closure of the smallest algebraic subgroup of GL(V ) containing the monodromy representation ρ(π 1 (T, t 0 )). 2. If V carries a nondegenerate bilinear form Q which is symmetric or anti-symmetric and which is preserved by the monodromy group. We call the monodromy is big if the connected component of origin
It is not difficult to generalize the theorem 5.1 to Theorem 5.5. Let π : X → Y a non-isotrivial smooth family of n-dimensional Calabi-Yau manifolds over a quasi-projective manifold Y . Suppose that there is a sub Q-VHS V of R n prim π * Q such that V has big monodromy and the first Hodge piece is in V C .Then the family π : X → Y must be rigid. 7 Comments: The proof of this theorem depends heavily on the structure of Lefschetz pencils,hard Lefschetz theorem and properties of moduli space of CalabiYau manifolds. We hope this statement can be generalized to case of l − adic cohomology,as we know Lefschetz pencil is just algebraic geometry version of Morse theory. We strongly want to know the physical model of this structure. We believe that there will be a Witten's style proof of this theorem because Laumon has reproved the Weil conjecture by replacing the Deligne's technique of Lefschetz pencil with Witten's method of deformation in Morse theory.
General Results on Rigidity of Families with Strong Degeneration
We assume all families in this subsection satisfy the ( * * ) condition in section 4.2.
Definition 6.1. Let f : X → C be a family over a smooth projective curve C, and {c 0 , · · · , c k } are singular values of f .Assume f satisfies the following condition: a)
is a reduced fiber of a union of transversally crossing smooth divisors for all i, i.e., f is a semi-stable family; b) the cohomology of every smooth component of X 0 has type (p, p). We say this family is strong degenerate at the singular fiber
Using the Künneth formula,we will get the following result immediately. Let M be a quasi-projective variety,(E, θ) be the Higgs bundle with positive Hermitian metric H over M.Assume (E, θ) has R-structure.We are going to describe End(E) −1,1 precisely. As E carries R-structure, we get the Higgs structure on vector bundle of endomorphism space as in section 4.1
Therefore,
Thus as vector spaces
Lemma 6.3. Denote E the Higgs bundle associated to
the fiber product. Then by Künneth 's formula for complex manifold
We have the inclusion
The inclusion is compatible with Hodge structure. Therefore, as a vector space 
Following Deligne's theorem 3.11,we know the commutative diagram
where i t : Y t ֒→ Y, i t : Y t ֒→ Y are natural embedding;and
is an isomorphism of Hodge structure. As i * t is surjective Hodge morphism for every t ∈ C 0 , we have the following restriction maps induced by Y t ⊂ Y,
From the restriction maps, we have Claim 6.6. The component of type (p, q) of the group H n (Y t , C)
For each nonsingular dimensional n reduced algebraic cycle B ⊂ Y and each
WLOG, f is strong degenerate at c 0 , so is π. Denote
The fiber Y t is homological equivalent to the singular Y 0 for any t ∈ C 0 , and the form α ∧ α is closed,therefore
We obtain α| Yt = 0,i.e., the restriction map
Now, π is a family strong degenerate at c 0 , the cohomology of every smooth component of Y 0 has type only (p, p).Especially,
for all j.Therefore,the restriction map
It is a contradiction to lemma 6.5.
Remark 6.7. In fact,we prove a strong property.We have shown that a non-trivial deformation of a family gives arise to a non-trivial Betti-cohomology class in the cohomology group of the total space of the square product of the original family.This class is very special,which is not of Hodge type and does not vanish along fibers. Thus,we obtain a connection between the geometry on the total space of the the family and the rigidity problem. It is interesting to know clearly the Betticohomology class of the total space of the square product of the original family.
Corollary 6.8 (Weak Arakelov's Theorem). Let f : X → C be a semi-stable family over a smooth projective curve C, X 0 is the singular fiber
If every D i is dominated by P n ,then this family is rigid.
If this family is a fibration of curves,then we obtain a similar result of rigid part of Shafarevich conjecture over function field.Though it is a weak result,a family is general if it admits strong degenerate.
Example 6.9. All one parameter family in P n of type
are rigid, where F is smooth homogenous polynomial with degree d.
7. Rigidity and Yukawa Coupling 7.1. n-iterated endomorphism of σ. It is better to understand more and more about the endomorphism σ in section 4.2 which has deep background in string theory.
Anyway,there is n-iterated operator
on E, and we know σ k ≡ 0 if k >> 0.Furthermore, the following is held for Calabi-Yau manifolds.
Proposition 7.1. Let f : X → M be a smooth family of polarized n dimensional Calabi-Yau manifolds satisfying the condition ( * * ).If f is not a rigid family,then the n-iterated endomorphism σ must be zero.
Proof. Assume the statement is not true,we have a non zero flat endomorphism σ n which is in fact a global holomorphic section of (L * ) ⊗2 (under the holomorphic structure ∂ E of the associated Higgs bundle)where
⊗2 is trivial. But it is impossible as shown in theorem 3.15 and corollary 3.17.
YuKawa coupling.
Definition 7.2. Let f : X 0 → M be smooth family of n-dimensional CY manifolds over a quasi-projective manifold M, (E, θ) is the Higgs bundle of R n prim f * (C).Yukawa coupling 8 9 is just the n-iterated Higgs 8 The Higgs bundle (E, θ) can be splitting into
So we have this definition.WLOG,the Yukama coupling can be written as
Let (E, ∂, θ) be the analytic Higgs bundle over a quasi projective variety M such that D ∞ = M \ M normal crossing.If Higgs map θ has regular singularities at
which has deep background in string theory.Maybe one will find the definition is different from other literature,but they essentially are compatible.
Let M be the quasi-projective smooth curve C 0 = C \ S with S = {s 1 , · · · , s k }. As we show,when the non trivial family f : X 0 → C 0 is not rigid, it has a extension F : X → C 0 × T .On the induced Higgs bundle over C 0 there is a everywhere nonzero σ,by the argument of the corollary 4.5 this fact means exactly the restricted families
all satisfy the ( * * ) condition. Therefore, we will have endomorphisms σ ′ s : E| {s}×T → E| {s}×T (maybe zero)and by proposition 7.1
On the other hand, along C 0 we have the Higgs map
Fixing s ∈ M,it is obvious that σ ′ s | t comes from θ t | s .Exactly,varying t,we get the σ ′ s ( [53] ). Therefore, from the construction of the endomorphism σ, we obtain another proof of the following criterion due to Viehweg-Zuo and Liu-Todorov-Yau-Zuo: Proposition 7.3 ( [44, 46] , [26] ). Let f : X 0 → C 0 be a smooth family of n-dimensional Calabi-Yau manifolds satisfying the condition ( * * ). If the Yukawa coupling is not zero at some point,then the family f must be rigid.
Certainly,one can prove this criterion directly by the same method in proof of proposition 7.1. Denote Z = {s ∈ C 0 | θ n s = 0}, then Z is either a set of finite points or C 0 . The criterion says that the family will be rigid when Z is of finite points,and Z = C 0 when the family is non-rigid.But the converse is not necessary true,recently D,E has a canonical extension over M ,by GAGA principal E becomes a algebraic vector bundle under holomorphic structure ∂. Restricting to M , we get an algebraic Higgs bundle (E, θ),then θ is really a algebraic map,so that the Yukawa coupling is algebraic and θ n is a global section of (
Viehweg and Zuo have constructed many rigid families of Calabi-Yau manifolds with Yukawa coupling identifying zero [48] . We should give a picture to this description,though essentially Higgs field is the Kodaira-Spencer map which totally determines the deformation of the manifold,if we deform every fiber of the family along same direction, we just get one certain deformation of the family. Proposition 7.3 is really a special case of the original criterion of Viehweg-Zuo which deals with more general cases: not only Calabi-Yau manifolds but also any projective manifolds with semi-ample canonical line bundle(include CY) or of general type [44, corollary 6.5] , [46, corollary 8.4] .
A readable proof of 7.3 from view of differential geometric can be found in preprint of Liu-Todorov-Yau-Zuo [26] .Communication by email,Liu and Todorov again pointed out the relation between σ n and Yukawa coupling from the view of solution of Picard-Fuch equation,and they will be zero simultaneously.
I would like to introduce a general criterion due to Viehweg-Zuo and show the application:
Criterion 7.4 ( [46, 54] ). Let M h be the coarse moduli space of polarized n-folds with semi-ample canonical line bundle ω; or of general type.Assume M h has a nice compactification and carries a universal family π : X → M(In the real situation,one needs to work on stacks).Let k M be the largest integer such that k M -times iterate Kodaira-Spencer class of this deformation complex on the moduli stack M is not zero.Certainly, 1 ≤ k M ≤ dimension of the fibres.
If k M -times iterated Kodaira-Spencer class for a family f : X → Y is not zero,then the family f must be rigid.
Here we always assume the flat family f : X → Y satisfies the "good" completion: X ,Y are projective manifolds,S = Y − U is a reduced normal crossing divisor such that the restricted family f : V → U is smooth morphism and ∆ = f * S = X \ U is a also a normal crossing divisor(if ∆ is reduced,we get a semi-stable family).
We have Deligne quasi-canonical extension of the VHS R n f * Q V (i.e., that the real part of the eigenvalues of the residues around the components of S lies in [0, 1))). Take grading of the filtration,we get a extension Higgs bundle
Generally, we still call the n-iterated Higgs map
Y (log S) be Yukawa coupling. By abusing the notation,sometimes we regard the coupling as
When the local monodromies are all unipotent around the components of S(for example,if f is semi-stable the condition will hold),it happens that [13] E
, so it can be regarded as
The criterion 7.4 implies a generalization of proposition 7.3: 
Proof of the corollary 7.5. 10 We give a proof in situation of the monodromies are unipotent.
10 Except rankE n,0 = 1,it seems difficult to get a proof only using Variation of Hodge structure.
11
Otherwise, we use Kawamata covering trick to get the unipotent reduction [21] , [44] .
By the Viehweg-Zuo criterion 7.4, the family f is rigid.
Example 7.6. Let F ,H be homogenous polynomial of degree n + 2 such that F defines a nonsingular hypersurface in P n+1 and H is not in the Jacobian ideal of F .Let us think about a special family F (t) = F + tH for t ∈ P 1 .If the family satisfied the condition that H n is not in the Jacobian ideal of F + µH for some µ ∈ P 1 , as shown in [26] ,the Yukawa coupling at the point µ ∈ P 1 is not zero.Thus this family will be rigid. Locally,it is explained as following: Restricting the family f : X → C to the unit disk ∆,We think about the local degenerated family f : X loc → (∆, t) Now,WLOG we assume
is smooth and the local monodromy is unipotent,i.e., which is a particular case of theorem II,3.11 in [5] .
Definition 7.9 (Residues of Higgs map [36] ). Let (V, H, D) is tamed harmonic bundle,it induces (E, θ) α a regular filtered Higgs system which includes (E, θ) a Higgs bundle over ∆ * and a system of decreasing filtered sheaves E α,0 extending E across 0 and extending the Higgs map θ : E α,0 − − → E α,0 ⊗ Ω 1 ∆ (log 0). Here the coherent sheaf E α is generated by e ∈ E| ∆ * such that |e(t)| H ≤ C|t| α+ε for every ε > 0. Denote E = E 0 = ∪E α,0 ,the composite morphism It is a contradiction.
As an application of corollary 7.5 or proposition 7.3,we have the interesting result:
Theorem 7.12. Let f : X → C be a family of n-dimensional Calabi-Yau manifolds satisfying the condition ( * * ) in the section 4.2. If the family f admits a degeneration with maximal unipotent monodromy,then f must be rigid.
Remark 7.13. The result is also implied in a manuscript of Kang Zuo [54] and paper of Liu-Todorov-Yau-Zuo ([26] ).We should point out the degenerations of Lefschetz pencil of CY manifolds are all of minimal unipotent monodromy. Thus we can ask the question: Whether the families of Calabi-Yau manifolds with minimal unipotent monodromy degeneration is rigid?
Example 7.14 ( [25] ). In the recent paper of Lian-Todorov-Yau,the authors show the following type CY families have the degenerate of maximal unipotent monodromy,thus they will be rigid by the theorem 7.12.
One parameter family of complete intersections of CY manifolds in P n+k for n ≥ 4 and k ≥ 1 defined by the following equations :
where the system F 1 = .. = F k = 0 defines a non singular CY manifolds, n i = deg F i ≥ 2 and n i = n + k + 1 and x i are the standard homogeneous coordinates in P n+k . The condition n i = n + k + 1 implies that the fibers π −1 (t) = X t for t = 0 are CY manifolds of complex dimension n. 4 − 5λX 0 X 1 X 2 X 3 X 4 = 0 for λ ∈ P 1 and [X 0 , X 1 , X 2 , X 3 , X 4 ] ∈ P 4 . By the example 7.14,this family admits a degeneration with maximal unipotent monodromy at 0.One also can show this family rigid by the example 7.6,because (X 0 X 1 X 2 X 3 X 4 )
3 is not in the Jacobian ideal of X . Example 7.16. We should point out these two examples are both of strong degeneration(with surgery of semi-stable reduction).Thus they have to be rigid by theorem 6.4.Recently Viehweg-Zuo [48] construct some meaningful families with maximal unipotent degeneration by covering trick (not only just by complete intersection).
